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Abstract 

We first review the Coset Space Dimensional Reduction (CSDR) programme and present the best model 
constructed so far based on the Jf — 1, 10-dlmenslonal Es gauge theory reduced over the nearly-Kahler 
manifold SU{3)/U{1) x U{1) with the additional use of the Wilson flux mechanism. Then we present the 
corresponding programme in the case that the extra dimensions are considered to be fuzzy coset spaces and 
the best model that has been constructed In this framework too. In both cases the best model appears to be 
the trlnlficatlon GUT SU (3)®. 


1 Introduction 

The unification of fundamental Interactions has always been the theoretical physicists’ desideratum. The entire 
community has set this aspect In high priority and therefore serious research activity has led to Interesting 
approaches. Veiy appealing are the ones that support the existence of extra dimensions. The extra dimensions’ 
scenario Is encouraged by a very eonslstent framework, l.e. superstring theories |T), which, until today, are 
considered as best candidates for the unifieation of all four fundamental Interactions and furthermore are 
consistently defined only In ten dimensions. The Heterotle String Is regarded as the most promising of 
all superstring theories, as It offers a cormectlon to the low-energy physics within the experimental range, 
mainly because of the Inclusion of a ten-dunenslonal Af = I gauge seetor. So, compactlficatlon of the ten- 
dlmenslonal spaeetlme and dimensional reduction of the original Eg x Eg gauge theory, leads to Interesting 
(from a phenomenologleal point of view) Grand Unified Theories (GUTs), In which the Standard Model (SM) could 
be embedded m. Besides the superstring theories, a few years earlier than the discovery of the Heterotic string, 
another remarkable framework for the unifieation attempt was employed, that Is the dimensional reduction of 
higher-dimensional gauge theories. Specifically, Forgacs and Manton with studies on Coset Space Dimensional 
Reduction (CSDR) (sHU and the Scherk-Sehwarz group manifold reduction (^, pioneered this field. In these two 
approaehes, gauge and Higgs fields In four dimensions are the surviving eomponents of the gauge fields of an 
Initial gauge theory defined in higher dimensions, where gauge-Hlggs unifieation Is aehleved. Also, In the CSDR 
seheme, the Inelusion of fermions In the hlgher-dlmenslonal Initial gauge theory, results m Yukawa couplings 

*Based on talks given at: 1) ‘Dubna International Advanced School of Tlieoretical Physics (DIAS-TH)”. 2) International Conference 
“Quantum Field Tlieory and Gravity (QFTG’14)”, Tomsk, August 3, 2014. 3) 8th Mathematical Physics Meeting: “Summerschool and 
Conference on modem Mathematical Physics”, Belgrade, 24-31.04.2014. 4) ‘The Joint Meeting on Quantum Field Tlieory and Nonlinear 
Dynamics”, Sinaia, Romania, 24-28/09/2014 and several seminars by G.Z. 
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In four dimensions. An Important step In this unified description Is to demand that the htgher-dlmenstonal 
gauge theory Is AA = 1 supersymmetric, l.e. the gauge and fermion fields are members of the same vector 
supermultiplet, In order to relate the gauge and fermion fields that have been Introduced. The possibility of 
obtaining chiral theories In four dimensions OjS) is regarded as a remarkable achievement. 

In the context of the above framework very welcome suggestions coming from superstring theory (more 
specifically from the Heterotic string |2]) are the dimensions of the space-tune and the gauge group of the 
higher-dimensional supersjmrmetrlc theory. According to the fact that Superstring theory Is consistent only In 
ten dimensions, the following crucial Issues have to be addressed, (a) distinguish the extra dimensions from 
the four experimentally approachable dimensions that we experience, l.e. define a suitable compactlficatlon 
which Is a solution of the theory and (b) determine the four-dimensional resulting theory. Additionally, using 
the appropriate compactlficatlon manifolds, one should obtain AA = 1 supersymmetry, having a chance to be 
led to realistic GUTs. 

In order to preserve an AA = 1 supersymmetry after dimensional reduction, Calabl-Yau (CY) spaces serve 
as suitable compact Internal manifolds (9). However, the moduli stabilization problem that arose, led to the 
study of compactlficatlon with fluxes. Within the context of flux compactlficatlon, the recent developments 
suggested the use of a wider class of internal spaces, called manifolds with SU(3)-structure. The latter class of 
manifolds admits a nowhere-vanishing, globally-defined spinor, which is covariantly constant with respect to a 
connection with torsion and not with respect to the Levl-Clvlta connection as m the CY case. Here we consider 
an Interesting class of SU(3)-structure manifolds called nearly-Kahler manifolds I10H13I . 

The homogeneous nearly-Kahler manifolds in six dimensions are the three non-sjrnimetrie coset spaces 
G 2 /SU(3), Sp{4)/{SU (2) X U{l))non-max and SU (3)/[/(!) x (7(1) and the group manifold SU{2) x SU{2) 1131 
(see also llOH12n . It is worth noting that four-dimensional theories resulting from the dimensional reduction of a 
ten-dimensional, AA = 1 supersymmetric gauge theory over non-s 5 mimetric coset spaces, contain automatically 
supersymmetry breaking terms 1141 . 1151 . contrary to CY spaces. In section 2.3 we present the dimensional 
reduction of the AA = 1 supers 5 mimetric gauge theory resulting In the field theory limit of the Heterotic String 
over the nearly-Kahler manifold SU{3)/U{1) x (7(1). Specifically, an extension of the Minimal Supersymmetric 
Standard Model (MSSM) was derived by dunenslonaUy reducing the Eg, x Eg gauge sector of the Heterotic 
String I10H12I . 

Another promising framework which offers a description of physics at Planck scale Is Non-commutative 
geometry (n - m. Non-commutative geometry was regarded as an appropriate framework for regularizing 
quantum field theories, or even better, building finite ones. Unfortunately, constructing quantum field theo¬ 
ries on Non-commutatlve spaces is much more difficult than expected and, moreover, problematic ultraviolet 
features have emerged 1191 (see also 1201 and 1211 1. However, this framework is appropriate to accommodate 
particle models with Non-commutatlve gauge theory 1221 (see also I23H25I 1. 

Remarkably, the two frameworks came closer by realizing that In M-theoiy and "open string theory". In 
the presence of a non-vanlshmg background antisymmetric held, the effective physics on D-branes can be 
described by an Non-commutatlve gauge theory I261I27I . Thus, Non-commutatlve field theories emerge as 
effective description of string dynamics. Moreover, the type IIB superstring theory, related to the other su- 
perstrlng theories by certain dualities. In Its conjectured non-perturbative formulation as a matrix model 1281 . 
Is a non-commutatlve theory. Moreover, major contribution m the framework of non-commutatlve geometry 
was made by Selberg and Witten 1271 . Their study (map between commutative and non-commutatlve gauge 
theories) triggered notable developments I29II30I and, based on them, a non-commutatlve version of SM was 
built 1311 . Despite the Interest they present as extensions of the SM, those models fail to troubleshoot the main 
problem of the SM, that Is the presence of numerous free parameters, due to the ad hoc consideration of Higgs 
and Yukawa sectors. Finally, an Interesting programme has been suggested and Investigated I32H36I . which 
considers the extra dimensions being non-commutatlve. This programme overcomes the ultravlolet/lnfrared 
problems of theories defined In non-commutative spaces In an obvious way. Then It offers the new possibility 
to start with an abelian gauge theory defined on the higher-dimensional space and obtain a non-abehan theory 
In four dimensions after dimensional reduction. In addition another spectacular feature of this programme Is 
that the theories constructed using non-commutatlve (fuzzy) manifolds as approximations of the continuous 
ones, are renormallzable contrary to all known hlgher-dtmenslonal theories. The latter property was examined 
from the four-dimensional point of view too, using spontaneous sjmunetry breakings, which mimic the results 
of the dimensional reduction of a hlgher-dtmenslonal gauge theory with fuzzy extra dimensions. Finally chiral 
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realistic theories have been eonstructed too in this framework. 

In the present review, we are going to deal with higher-dimensional gauge theories and the four-dimensional 
models that result after their dimensional reduction In both frameworks discussed above. Let us now briefly 
state the outline of the paper. In the first part, we Introduce the CSDR seheme and reduee dimensionally 
a H-dimensional Yang-MlUs-Dlrac theory accordingly. Then we apply the CSDR programme in the case of a 
J\f = 1, E% SYM reduced over the non-symmetrlc coset SU (3)/C/(l) x t/(l) I15ll37l[38l . Then, after recalling the 
Wilson flux mechanism for breaking spontaneously a gauge theory, we demonstrate Its successful application 
In the previous model. 

In the second part, we begin with specifying the non-commutatlve geometry that Is used as Internal space 
throughout the study, specifically the fuzzy sphere 1391 (as representative of the fuzzy coset spaces), whose 
description is given as a matrix approximation of the ordinary sphere. Then, since our ultimate aim is to do 
gauge theory on this non-commutatlve space, we focus on how the gauge fields behave on a fuzzy sphere. 
Afterwards, as a pilot application, we present a simple dimensional reduction considering a non-commutative 
gauge theory on the x S'j^ space. Since the four-dimensional model that emerges from the above reduction is 
not satisfactory, we proceed by applying a non-trlvlal dimensional reduction, the fuzzy version of CSDR. Then, 
to support further the claim that the theories buHt using fuzzy extra dimensions are renormallzable, we change 
strategy and Instead of reducing to four dimensions a higher-dimensional theory with fuzzy extra dimensions, 
we examine how a four-dimensional gauge theory develops fuzzy dimensions due to Its spontaneous sjmrmetry 
breaking. In addition, we address the Important problem of chlrahty in this framework by applying a Z 3 orblfold 
projection on an A/^ = 4 SYM theory. Since the vacuum of the orblfolded AT = 4 SYM theory Is vanishing and 
with vanishing vevs of the scalar fields, the geometry of the (twisted) fuzzy spheres is offered as solution with 
positive vacuum energy, after the Inclusion of soft supersjmrmetrlc terms. In this framework, we study the 
M = 4: SYM four-dtmenslonal theory which Is governed by an SU(SN) gauge symmetry. After the orbifolding, 
the resulting theory is J\f = 1 and the gauge group is SU(N)^, since the orblfold projection Induced the breaking 
of the original gauge group. The latter does not break In a unique way, but a very interesting SU{3)^ GUT 
singles out which is briefly discussed. 


2 The Coset Space Dimensional Reduction. 


In the spirit of the CSDR scheme the obvious way to dimensionally reduce a gauge theory defined In higher 
dimensions. Is to demand that the field dependence on the extra coordinates Is such that the Lagranglan 
Is Independent of them. While a crude way to fulfiU this requirement Is to discard the field dependence on 
the extra coordinates, an elegant one Is to allow for a non-trlvlal dependence on them. In the sense that a 
symmetry transformation by an element of the Isometry group S of the space formed by the extra dimensions 
B, corresponds to a gauge transformation. Thus, the Lagranglan will be independent of the extra coordinates 
just because it Is gauge Invariant. The above requirement Is the basis of the CSDR scheme (3lf5l . which 
assumes i? Is a compact coset space, S/R. 

Consider a Yang-Mllls-Dlrac Lagranglan, with gauge group G, defined on a D-dlmensional spacetime , 
with metric , which Is compactlfied to x S/R, with S/R a coset space. Let the metric have the following 
form 
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MN 


0 

0 -5“^ 


( 1 ) 


where = diag{l, —1, —1, —1) and g°‘^ is the coset space metric. It Is important to note that certain con¬ 
straints on the fields are Imposed by the requirement that transformations of the fields under the action of 
the symmetry group of S/R are compensated by gauge transformations. The solution of these constraints 
provides us with the four-dimensional unconstrained fields, as well as with the gauge invariance that remains 
in the theory after dimensional reduction. Along the above framework, a potential unification of all low energy 
interactions, gauge, Yukawa and Higgs Is achieved. 

The dimensional reduction of higher-dimensional theories results in effective field theories that might con¬ 
tain also towers of massive higher harmonic (Kaluza-Kleln) excitations. The quantum level contributions of 
these excitations alter the behaviour of the running couplings from logarithmic to power 1401 . resulting in a re¬ 
markable change of the traditional unification picture 1411 . Hlgher-dlmenslonal theories have also been studied 
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at the quantum level, using the continuous Wilson renormalization group 1421 . which can he formulated In any 
number of space-time dimensions with results In agreement with the treatment Involving massive Kaluza-Kleln 
excitations. 

2.1 Reduction of a D-dimensional Yang-Mills-Dirac Lagrangian. 

According to the CSDR framework, the action of the extra dimensions symmetry group S, on the fields defined 
on X S/R, is compensated by a gauge transformation. Thus, a gauge Invariant Lagrangian written on this 
space Is independent of the extra coordinates. Fields defined In this way are called symmetric. The initial gauge 
field Am{x, y) Is split Into Its components A^(x^ y) and Aa{x, y), corresponding to and S/R respectively. 
Consider the action of a Zl-dimensional Yang-Mills-Dirac theory with gauge group G defined on a manifold 
which, as stated, will be compactlfied to x S/R, D = + d, d = dimS — dimR: 


A = 


d'^xd'^yy/^ 


-\Tr{FMNFKA)9^^g^^ + 


( 2 ) 


where 


with 


Dm = Om — Om — Am, 


Om 


^ ft y'A^A 


(3) 


(4) 


the spln-cormectlon of , and 


Fmn = QmAn — On Am — [Am, An], (5) 

where M, N run over the Zl-dimensional space and Am and tp are Z)-dlmenslonal symmetric fields. The fermion 
fields can be accommodated in any representation F of G, unless a further symmetry, such as supersymmetry. 
Is required. Let //^,[A = 1,..., dimS and a = dimR -f 1,..., dimS the curved Index) be the Killing vectors which 
generate the symmetries of S/R and Wa the compensating gauge transformation associated with £^a- The 
following constraint equations for scalar cj), vector Aa and spinor tp fields on S/R, are expressing the requirement 
that transformations of the fields under the action of S/R are compensated by gauge transformations 


^A<P = ^A^afp = D{Wa)(P, 

(6) 

^aAci = ^^dpAa + da^^Ap = daWA — [Wa, A^], 

(7) 

Sa/^ = - loAbc^^^/’ = D{Wa)/^ , 

(8) 


where Wa depend only on Internal coordinates y and D{Wa) represents a gauge transformation m the appro¬ 
priate representation of the fields. 

We obtain dll] the four-dunenslonal unconstrained fields, as well as the gauge Invariance that remains 
In the theory after dimensional reduction, by the detailed analysis of the constraints d"(H)- The components 
A^(x,y) of the Initial gauge field AM{x,y) become, after dimensional reduction, the four dimensional gauge 
fields and they are Independent of y. Moreover, one can find that they commute with the generators of Rq, 
subgroup of G. In other words, the four-dimensional gauge group FI is the centralizer of RinG, H = Gg{Rg)- 
The Aa{x, y) components of Am{x, y) denoted by (pa{x, y) from now on, become scalars m four dimensions and 
they transform under i? as a vector v, l.e. 


Sd R 

adjS = adjR -I- ■ 
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(9) 

( 10 ) 




In addition, (f>a{x,y) act as an Interwlnlng operator connecting Induced representations of R acting on G and 
S/R. This implies that in order to find the representation of the gauge group H under which the (j)’s transform 
in four dimensions, we have to decompose G according to the embedding: 

GdRgxH ( 11 ) 

adjG = {adjR, 1) + {l,adjH) + /ij). (12) 

Then, for every pair ri,Si, where and Si are identical irreducible representations of R, there survives a Higgs 
multlplet transforming under the representation hi of H . All other scalar fields vanish. 

Regarding the fermion fields [4l[7l[8l[43l we proceed along similar lines as in the case of scalars. It turns 
out that the spinor fields act as Interwlnlng operator connecting Induced representation of R in SO{d) and 
G. Similar to the scalar cases, in order to specify the representation of H under which the four-dimensional 
fermions transform, we have to consider the initial gauge group and decompose Its representation F, in which 
the fermions are assigned in higher dimensions, under Rq X H, l.e. 

F = Y^{U,hi) (13) 

and the spinor of SO{d) under R 

ad = '^<Jj. (14) 

Then for each pair ti and Si, where ti and Si are Identical Irreducible representations of R, there Is an hi 
multlplet of spinor fields in the four-dimensional theory. Regarding the existence of chiral fermions in the 
effective theory, we notice that If we start with Dirac fermions In higher dimensions It is impossible to obtain 
chiral fermions In four dimensions. We have to Impose fuilher requirements In order to achieve chiral fermions 
In the resulting theory. Imposing the Weyl condition In D dimensions, we obtain two sets of Weyl fermions 
with the same quantum numbers under H. Although we already have a chiral theory, we can go further and 
try to impose the Majorana condition In order to eliminate the doubling of the fermionic spectrum. Majorana 
and Weyl conditions are compatible In D = 4n -|- 2, which Is the case of our interest. 

An Important requirement Is that the resulting four-dimensional theories should be anomaly free. Along 
that direction, Witten 1441 starting with an anomaly free theory In high dimensions, has given the condition 
to be fulfilled In order to obtain anomaly free theories In four dimensions after the dimensional reduction. 
The condition restricts the allowed embeddings of R Into G by relating them with the embedding of R Into 
SO{6), the tangent space of the slx-dlmenslonal cosets we consider [ ^1451 . According to ref. 1451 , the anomaly 
cancelation condition Is automatically satisfied for the choice of embedding 

Es D SO{6) D R, (15) 


which we adopt here. 

2.2 The Four-Dimensional Theory 

In order to obtain the four-dimensional effective action, we take Into account all the constraints and we Integrate 
out the extra coordinates. We assume that the metric Is block diagonal and we have the following Lagranglan: 

A = cJ d^x[-^Fl,F^f^'' + + V[4>) + , (16) 

where = dfj, — and Da = da — da — Ya, with 9a = ^9abc^^‘^ the connection of the space, while G Is the 
volume of the space. The potential V(Y) is given by the following expression 

y{Y) = -\9''‘'9^‘^Tr{fYiYc - [Ya,Yb]){fFdYD - [YcYd]), (17) 
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where, A = 1, dimS and f’s are the structure constants appearing In the commutators of the Lie algebra of 
S. The scalar fields (pa appearing in V{(p) must satisfy the following equation coming from (6)-(8) 

far<t^D-[4>a,(t)i]=^( (18) 

where the <pi generate Rq- As a consequence, some of the pa’^ might not survive the dimensional reduction 
procedure, while the rest can be Identified with the genuine Higgs Helds. Expressing V{p) In terms of the 
unconstrained Independent Higgs fields. It remains a quartlc polynomial, which Is Invariant under the four- 
dlmenslonal gauge group H. The unbroken final group Is determined by the minimization of the potential 
I46H48I . Although this Is generally a difficult task, there is a special case In which things turn out to be quite 
simple. This is the case when S has an isomorphic Image Sq in G which contains Rq In a consistent way. It 
Is possible then to allow the pa to become generators of Sg- That Is p^ =< p'^ > Qai = Qa with <(/)*> Qai 
suitable combinations of G generators of Sg and a Is also a coset space index. Therefore, because of the 
commutation relations of S, we find 


Fab — fabQi + fab^c ~ [^a( M 

= fabQi + fabQc — [Qa, Qb] = 0 . 

Thus, we have proven that V(p = p) =0 and because V Is positive definite, is also the minimum of the 
potential. These non-zero vacuum expectation values of the Higgs fields, break further the four-dlmenslonal 
gauge group H to the centralizer K of the image of S In G, l.e. K = Cg{S) (^1461(481 . The above statement 
can be checked by the gauge transformation 


Pa hpah ^ ,h G H, 

noting that the vev of the Higgs fields is gauge Invariant for the set of h’s that commute with S. 

Regarding the fermion part of the Lagranglan, the first term Is just the kinetic term of fermions, while the 
second Is the Yukawa term 1381 . The representation In which the fermions are assigned under the gauge group 
can be real. If i/) Is a Majorana-Weyl spinor In ten dimensions. The last term In 1161 can be written as 

Ly = - iGabc^'^'^ - Pa)i’ = + WP , (19) 


where 


Vq — —da -f —F pa, (20) 

H (21) 

using the full connection with torsion 1491 . The fermion fields are Independent of the coset space coordinates 
l.e. dap = 0 since they are S 5 rmmetric fields, satisfying the constraint equation (8). Furthermore we can 
consider the Lagranglan at the point y = 0, due to Its Invariance under S'-tranformatlons, and Cp = 0 at that 
point. Therefore 1201 becomes just Va = pa and the term ^pT°‘'S/ap hi 1191 Is exactly the Yukawa term. 

The examination of the last term appearing In 1191 reveals that the operator V anticommutes with the slx- 
dimenslonal hehclty operator [4]. Moreover one can show that V commutes with the R = —^fibcF,^'^ IR close 
the i?-subalgebra of SO{6)). Exploiting Schur’s lemma, we can draw the conclusion, that the non-vanishing 
elements of V are only those which appear in the decomposition of both SO{6) irreps 4 and 4 , e.g. the 
singlets. Since this term Is of pure geometric nature, we reach the conclusion that the singlets In 4 and 4 will 
acquire large geometrical masses, a fact that has serious phenomenological implications. Although the above 
conclusion in the higher-dimensional supersymmetric theory framework means that the gauglnos obtained In 
four dimensions after the dimensional reduction receive masses comparable to the compactlficatlon scale, this 
result changes in presence of torsion. 
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2.3 Dimensional Reduction of over SU{?>)/U{1) x U{1) 

Let us next present a few results concerning the dimensional reduction of the Af = 1, Eg, SYM over the non- 
symmetrlc coset SU{3)/U{1) x 17(1) I371I38I . Aceordmg to IIII . In order to determine the four-dimensional 
gauge group we examine the embedding of 71 = t/(l) x 7/(1) in Tils by the decomposition 

EgDEeX 57/(3) D Eq x U{1 )a x U{1)b (22) 

Then the four-dimensional gauge group after dimensional reduction of Eg under 5t/(3)/t/(l) x 7/(1) Is given 
by 


H = Ce,{U{1)a X U{1)b) = EgX U{1 )a x U{1)b ■ (23) 

The explicit decomposition of the adjoint representation of Eg, 248 under U (1)a X U (1)b provides us with the 
surviving scalars and fermions In four dimensions. Applying 1121 to the case of our Interest, we result In the 
following decomposition 

248 = 1(0,0) + 1(0,0) + 1(3,i) + l(-3,i) + 1(0.-1) + 1(0,1) + 1(_3,_1) + 1(3,_1) + 

78(0,0) + 27(3,1) -I- 27(_3_1) -I- 27(o,-i) -f 27(_3,_i) -I- 27(3,_i) + 27(o,i). (24) 

The 7? = 7/(1) X 7/(1) decompositions of the vector and spinor representations of 50(6) are 

(3; -j) + (-3, 2 ) + “1) + (“3, --) -I- (3, --) -I- (0,1) 

and 

(0,0) -I- (3, -) -I- (-3, -) -I- (0,-1), 

respectively. Applying the CSDR rules, we find that the surviving fields in four dimensions are three Af = 1 
vector supermultiplets containing the gauge fields of Eg x U{\)a x U{1)b- Regarding the matter content of the 
effective theory, we result in six chiral multlplets, where three of them are Eq singlets carrying U{\)a x U(\)b 
charges, while the remaining are the A*, 77* and O* chiral multlplets, with i an T/g, 27 index. 

Next we examine the decomposition of the adjoint of the specific 5 = 57/(3) under R = 7/(1) x 7/(1) l.e. 
57/(3) D 7/(1) X 7/(1): 

8 = (0,0) -I- (0,0) -I- (3, -) + (—3, -) -I- (0,-1) -I- (—3, —-) + (3, —-) -f (0,1). (25) 

The above decomposition suggests the introduction of the foUowtng generators for 57/(3): 

Qsu{3) = {Qo, Qoi Qii Q 2 , Q 3 , Q^}- (26) 

The non trivial commutator relations of 57/(3) generators, (261 . are given in 1501 . According to this decomposi¬ 
tion, the following notation of the scalar fields is suggested 

((()/, 7 = 1,...,8) —(27) 
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In terms of the redefined fields 1271 . the potential of any theory reduced over SU{3)/U{1) x C/(l) Is given by 


/ 1 1 


p4 d4 

itl H 2 -tt3 


td2 td2 ■ 


p 2 td2 ■ 


K 1 H 2 


+ - ^Tr(Qo[^2,^^]) - ^Tr(Qo[</>3, <^']) 


m 


m 




r 2^2 


2^2 


3 

2y/2 


12 13 2 3 

12 13 2 3 

where i?i, R 2 , R 3 are the coset space radlQ. The real metric of the coset Is expressed In terms of the radii by 


gab — diag{Ri, R^, R2, R2, R3, -^ 3 )- 


(29) 


Under the decomposition 1241 the generators of Es can be grouped as 

Qes = {Qo, Qoi Qij Q 2 , Qs, Q^,Q^, Q^, g“, Qii, Q 2 i, Qsi, g^\ Q^*}, (30) 

where a = 1,..., 78 and i = 1,..., 27. The redefined fields in 1181 are subject to the constraints 

[</'r, </'o] = , [?('3, </>o] = C(, [4'iy4'o] = 4'iy 

[</'2, M = -'/3<t)2, [(/'2, (t>o] = </'2, [03, 0q] = -203 • (31) 


The solutions of the constraints in terms of the genuine Higgs fields and the E 3 generators corresponding to 
the embedding of i? = f7(l) x U{1) in the Eg are, 0o = AQo and cj)^ = A Qq, with A = A = and 

0r = RlO'^Qli + RiaQi, 02 = R 2 P^Q 2 i + R 2 PQ 2 , 03 = Rs'y^'Qsi + R 37 Q 3 , 

where the unconstrained fields transform under Eq X U{1)a x U{1)b as 


a*~27(3_i), 0i~27(_3_i), 27(0-1), a-^l( 3 _i), 0-^l(_3_i), 7^1(o,-i)- 

^To bring the potential into this form we have used (A.22) of ref. [4] and relations (7),(8) of ref. [STI . 

^The complex metric that was used is g^^ = = -^■ 
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The scalar potential (281 becomes 


V{a\a,P\P,'y\'y) = const. + 


/ 8 

lipf “If 


a ai 




f ARl 8 V 
\RIRI Rl)^^ 


\RlRl Rl) 


^280 

^280 


Rl 


7 7 i + 

R2 


.iJtg 

/ 4 i?i 


\RiRi m 
. Rs 


R 2 R 3 R 1 R 3 R 2 R 1 
Rl R 2 R 3 


77 


R 2 R 3 R 1 R 3 R 2 R 1 


af3"f + h.c 


+ ^ ( a^iCy.a, + /3*(G“)^/3, + 7 *(G“)h, 


H —— I R{^Sf)Q.j + Q:(3)a + /3*(—3(5^)/3j + P{—3)P 


40 


,1 


,1 


1. 


+ +13(2)1^ + + 7 (-i )7 

+ AOa^P^d.jkd’^^^aiP^ + 40/3*7^dyfed'='’"/?f7™ + 40a>^dyfcd'='™aam 

+ 40 (Q;^)(a/ 3 ) + 40(^7) (/37) + 40(70) (7a) ( 32 ) 


and It Is positive definite. From the above potential we read the F—, D— and scalar soft terms. The F terms 
are obtained from the superpotential 

W{A\ A, B, G) = ^/^dijkRB^C'^ + V^ABC. (33) 

The Z?-terms have the following structure 

+ \diDi + ^D2D2 , (34) 

where 

= ^(a*(G“)ia, +/3XG“)^/3, +f (G“)h.), 

Di = iJ^[R{35l)a,+a{3)a + P\-35l)P,+ ~P{-3)p) 

and 

D 2 = + +^(^)/3 + 7X-l'^f)7i +7(-l)7) ■ 

The rest of the terms In the potential could be Interpreted as soft scalar masses and trlUnear soft terms. Finally, 
the gauglno obtains a mass of the order 0{R~^), and receives contribution from the torsion contrary to the 
rest soft supersjrmmetrlc breaking terms. 

Concluding the present subsection, we would like to note the fact that, starting with an A/^ = 1 supersym¬ 
metric theory In ten dimensions, the CSDR leads to an J\f = 1 , GUT with U(\)a^U{1)b resulting as global 
symmetries. 


3 Breaking by Wilson Flux mechanism 

According to the findings of the previous section, the Eq x G(1) x G(1) group Is the surviving gauge group 
of the initial’s Eg group dimensional reduction. In the context of symmetry reduction, we notice that the Eq 
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gauge group can not break entirely with the presence of the 27s Higgs representations only. In order to further 
reduce the gauge symmetry we employ the Wilson flux breaking mechanism I52H54I . Let us briefly recall the 
Wilson flux mechanism for breaking spontaneously a gauge theory, and present the way that this mechanism 
Is appUed to our model. 

3.1 The Wilson Flux mechanism 

According to the quantum mechanical phenomenon Aharonov-Bohm elfect, the wave function of electrons In 
the double skt experiment, experiences a measurable phase shift (p, as a result of their motion In a multiply 
connected region. The phase shift Lp, Is given by 


tp = 



(35) 


where 7 Is a closed path around the solenoid of the experiment, and the solenoid Is considered to be a hole In 
the manifold. 

In the case of our Interest, Instead of considering the simply connected manifold Bq , where Bq Is the coset 
S/R, we consider the multiply connected manifold B = Bq/F^/^ with a freely acting discrete symmetry 

of Bq. The manifold B Is multiply connected due to the presence of the symmetry F^^^. For each element 
g € F^/^, we pick up an element Ug in F[, which can be represented as the Wilson loop (the generalization of 
1351 to non abelian theories) 

Ug = Vexp T°'A%dx^'^ , (36) 

where are vector fields with group generators T“, 7 ^ Is a contour representing the abstract element g of 
F^/^, and V denotes the path ordering. If the manifold Is simply connected, then the vanishing of the held 
strength ensures that we can set the gauge held to zero by a gauge transformation. If 7 Is chosen not to be 
contractible to a point, then the Wilson Loop (7 [7] ^ 1 and Is gauge covariant. In this case, although the 
vacuum held strength vanishes everywhere, Ug cannot be set to one and the gauge held cannot he set to zero. 
Therefore, a homomorphism of F^^^ Into H Is Induced with Image , which Is the subgroup of H generated 
by Ug. Moreover, a held /(x) on Bq Is obviously equivalent to another held on Bq which obeys f{g{x)) = f{x) 
for every g G F^^^. However the presence of the gauge group H generalizes this statement to 


f{g{x)) = Ugf{x). 


(37) 


Concerning the gauge symmetry that Is preserved hy the vacuum, we consider the following. The vacuum has 
A“ = 0 and we represent a gauge transformation by a space-dependent matrix V (x) of F[ . In order to keep 
A“ = 0 and leave the vacuum Invariant, V (x) must be a constant. Moreover, / —^ Vf is consistent with 
1371 only if [V, Ug] = 0 for aU g € F^/^. Therefore, the unbroken subgroup of F[ Is the centralizer of In 
H. Concerning the matter fields, in order to satisfy 1371 and therefore survive In the theory, they have to be 
Invariant under the diagonal sum 

F^/^ 0 


The discrete symmetries F^^^, which act freely on coset spaces Bq = S/R are the center of S, Z{S) and 
W = Ws/Wr , where Ws and Wr are the Weyl groups of S and R, respectively. In the case of our Interest, 
where Bq = SU (3)/C/(l) x U (1), we have 

F^/^ = Z 3 C IT. (38) 

3.2 Application to our model 

According to the above, the projected theory In the presence of the WUson loop Is derived by keeping the 
Invariant under the combined action of the discrete group Z 3 , on the geometry and on the gauge Indices, fields. 
The Z 3 acts non-trlvlally on the various fields of the theory and Its action on the gauge indices is Implemented 


10 


by the matrix 1361 73 = diag{l 3 ,U!l 3 , where w = acts on the Eq gauge fields and a non trivial phase 

acts on the matter fields. Specifically the gauge fields of Eq that survive the projection are those that satisfy 

=0 => Am = "faAMJs^- (39) 

The surviving gauge group after the Z 3 projection Is 

SU{3)c X SU{3)l X SU{3)r. 

The surviving matter superfields are those that satisfy 

a = b = c = (40) 

where d,b,c are the 27 representation matter superfields. According to the decomposition of the 27 repre¬ 
sentation of Eq under SU{3)c x SU{3)l x SU{3)ii, the above superfields are consisted of three sets of fields, 
expressed by the following representations 


(3,3,1), (1,3,3) ,(3,1,3). (41) 

Moreover, the projection on the singlets of Eq, Is 

a = uja, b = Lo'^b, c = oj^c , (42) 


and the scalar matter fields are in the bl-fundamental representations 


03 ^ ~ (3,1,3)(3_1), 62 ~ (3,3, 1)(_3_1), Cl ~ i?3 ~ (1,3, 3 )(o__i). 


(43) 


One can obtain three fermion generations by Introducing non-trlvlal monopole charges in the [/(l)’s In R. We 
denote the resulting three copies of the bl-fundamental fields as (the index I = 1,2,3 specifies the flavours) 

3-iJi^if® ^3-(3,l,3)(3,i), 

-^3-(3,3,1)(_3,1), 

3-i/3^i^i'^-^3-(l,3,3)(o,_i). 


Similarly, we denote the three copies of the scalars as 

3-7(o,-i) -t ^( 0 - 1 )- 

The scalar potential can be rewritten as 1551 


y,e = 3(3A2 + A'2)(^ 



3 • 4A'2 


E 


(44) 


(45) 


where 


= Vsusy + Vsoft , 


(46) 


with Vsusy = Vjy -f Vp. We can drop the flavour superscript (/) from most of the fields, at least until we give 
vevs to the Higgses (which In general can be different for each /), since there are three Identical contributions 
to the potential. Then, the explicit forms of the D and F terms are 


Vp 


Vd = + ^^ 2 ^ 2 , 


^ \FH,\'^E\Fe\\ Eh, 

i=l,2,3 


dW dW 

dHi’ 86' 


(47) 

(48) 
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The F -terms derive from 


W = V^dabcH'^H^H^ 


(49) 


and the D-terms are 


1 




Di = 3a 

D 2 = 


where 


Finally, the soft breaking terms are 
?2 


Vscft — 






- {H 2 \H 2 )), 

+ {H2\H2) - 2{H3\H3) - 2|0n, 


{H,\G^\H,) = H‘t{GAtHrb. 

{H,\H,) = Y. 

2 ^ 1 , 2 ,3 


-Fim - -^)\^2\F2) 

1 x 2 

8 


. 4i?i 
^RlRl 


)-^Wh,) + W) 

Rl i?2 


80V2( 


_ _ Rz 

R 2 R 3 R 1 R 3 R 1 R 2 


){dabcH^H^H;^ + h.c). ( 50 ) 


The are the structure constants, thus antisymmetric In a and b. As suggested In 1561 , the potential can 

be written In a more convenient form. It amounts to writing the vectors m complex 3x3 matrix notation. We 
can then Interpret the various terms In the scalar potential as Invariant lie algebra polynomials. Identifying 

ill ~ (3,1,3) i72 ~ (3,3,1) ^(Q“), i?3~(l,3,3)^L^ (51) 

the particle content of the MSSM in the above representation of the model. Is given by the expressions 

(3.1.3) q- = 

(3,3,1) ^ Q = 

(1.3.3) -- L = 

Evidently dL,R, ur^r, Dr r transform as 3, 3 under color. Then we Introduce 

1 9/3 




DI 



DI 

4 


Dl 

4 

4 

4 


ul 

4 

Dl 

Dl 

Dl 

Hi 

H+ 

VL 

HI 

Hi 

CL 

^R 

eR 

5 


2 ,dq. 


COL ‘ 

P 


= 1 9 I 3 

P 3 9Lr 3dQ%’ 


where I 3 Is the triUnear Eq Invariant term dij^A^A^A^ and A Is In 27 representation. The I 3 term can be 
decomposed under SU{3) x 5(7(3) x 5(7(3) as 


I 3 = det[Q] + det[q‘^] -t det[L] — tr{q^ ■ L ■ Q). 


( 52 ) 
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In terms of these matrices, we have (i? 2 |^^ 2 ) = tr{Q'^Q), (iJsji/a) = tr{L^ L) and 

dabcH'^H^HI = detg=^ + detM^ + detL^ - tr{N^L^^). 

The F -terms which explicitly read 

Vf = i0dabcd^‘^^H^HlHuH2e + H^HlH2dH^e + H’^H^HuHse), 


can now be written as 

Vf =mtr{r'f + Q^Q + DL). 


3.3 Gauge symmetry breaking 

The spontaneous breaking of the SU (3 )l and SU{5)r can be triggered by the following vevs of the two families 
of L’s. 


/ 000 \ / 000 \ 
L3= 0 0 0 ,L2= 0 0 0 

\0 0 V3 J \V2 0 0 J 


The action of V 3 breaks the gauge group according to 


SUi3% X SU{3)l X 5C/(3)fl ^ SU{3), x 5C/(2)i x ^1/(2)^ x 17(1), (53) 

while further breaking proceeds by the action of V 2 to MSSM 1571 


SU{3)c X SU{2)l X SUi2)R x [/(I) 5t7(3)c x 5'C/(2)l x t/(l)Y. 


(54) 


Electroweak (EW) breaking then proceeds by the following MSSM vevs 1581 


/ Vd 0 0 \ 

LI= \ 0 Vu 0 

\ 0 0 0 / 


In the examination of the spontaneous symmetry breakings, the three possible radii appearing In the potential 
are taken equal (strictly speaking, this Is the case that the manifold becomes nearly Kahler). 

It Is worth noting that before the EW symmetry breaking, supersymmetry Is broken by both D-terms and 
T’-terms, in addition to Its breaking by the soft terms. We plan to examine m detail the phenomenological 
consequences of the resulting model, taking also Into account the massive Kaluza-Kleln modes. 


4 Fuzzy spaces and fuzzy dimensional reduction 

4.1 Geometry of the fuzzy sphere 

Let us buHd the discussion about fuzzy sphere 1391 on the familiar concept of the ordinary sphere, 5^. We may 
consider the S'^ as a manifold embedded Into the three dimensional Euclidean space, R. Therefore, the algebra 
of the functions on 5^ can be specified through R^, by Imposing the constraint 

'£xI=R\ (55) 

a—1 

where Xa are the coordinates In R^ and R the radius of the sphere. The Isometry group of the sphere Is a global 
SO(S), which Is isomorphic to the SU(2). Therefore, the generators of the Isometiy group are La, namely the 
three angular momentum operators. 

La — l^abcXbdc • (5G) 
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If we express the three operators La In terms of the spherleal coordinates 0, (j), the above equation converts to 

La = -iCdo , (57) 

where the greek Index, a, denotes the spherical coordinates and are the components of the Killing vector 
fields which generate the Isometries of the spher^. 

Starting from the scalar Laplaclan operator on the sphere, A 52 

As2 = -^da{g°‘^y/gdt), (58) 

y/9 

one can find the spherical harmonics, </>), which are the eigenfunctions of the operator 

= -R^As2 . (59) 

From the action of on the spherical harmonics, we also obtain its eigenvalues 

L^Yi^ = 1(1 + l)Yi^ , (60) 

where I Is non-negative Integer. The spherical harmonics obey the orthogonality condition 

J sin 9d9d(j)Yil^Yi'm’ = SwSjnm' ■ (61) 

Taking Into consideration that spherical harmonics form a complete and orthogonal set of functions, any 
function on can be expanded In terms of Yim(9, (j)) 

00 I 

a{9,4>)='^ ^ , ( 62 ) 

l—O m——l 

where aim are complex coefficients. Besides the more frequent expression of spherical harmonics In terms of 
spherical coordinates, they can also be stated In terms of the cartesian coordinates, Xa In 

Ylm{OA)=^faZ.a,x‘^^ -^A (63) 

a 

where Is a (traceless) symmetric tensor of rank 1. 

Let us now describe the case of the fuzzy sphere In a comparative way to the above description of the 
ordinary sphere. The fuzzy sphere Is the most typical case of non-commutatlve geometry, meaning that the 
algebra of functions on a fuzzy sphere Is not commutative as It Is on the ordinary sphere, due to the fact that 
It Is generated by spherical harmonics, with I having a specific upper limit. Therefore, instead of an infirrlte 
dimensional commutative algebra, the algebra of a fuzzy sphere is truncated to finite dimensional. In parllcular, 
P dimensional, non-commutatlve algebra. Thus, It Is natural to consider the truncation of the algebra as a 
matrix algebra and it is consistent to define the fuzzy sphere as a matrix approximation of the ordinary sphere, 

52. 

So, it follows that we are able to expand A^-dimensional matrices on a fuzzy sphere as 

N-l I 

d — ^ ^ ^ ^ O^lmYlm ; (64) 

^^0 m——l 

where Yim are the fuzzy spherical harmonics, which are now given by the expression 

( 65 ) 


^The 5^ metric can be written In terms of the Killing vectors ■ 
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where 


( 66 ) 


= 


2R 


- 1 


xw 

^'a 5 


where are the SU(2) generators In the iV-dimenslonal representation and Is the same tensor that 

we met in 1631 . The fuzzy spherical harmonics, Yi^ satisfy the orthonormality condition 


TrAf 


(67) 


Moreover, there Is a relation between the expansion of a function, 1621 . and that of a matrix, 1641 on the 
original and the fuzzy sphere, respectively 


N-l I N-1 I 

^ ^ ^ ^ ^ (^ImYlrri ^ O. — ^ ^ ^ ^ 0>ljnYim{^^ 0 ) ■ ( 68 ) 

l—O m— — l l—O m— — l 


The above relation Is obviously a map from matrices to functions. Since we Introduced the fuzzy sphere as a 
truncation of the algebra of functions on S'^, considering the same aim was just the most natural choice. Of 
course, the choice of the map Is not unique, since It Is not obfigatoiy to consider the same expansion coefflcients 

Summing up the above analysis, the fuzzy sphere 1391 is a matrix approximation of the ordinary sphere, 
S^. The cost we pay for truncating the algebra of the functions Is loss of commutativity, so we end up with a 
non-commutatlve algebra, that of matrices, Mat(A^;C). Therefore, fuzzy sphere, is the non-commutatlve 
manifold with Xa being the coordinate functions. As given by (661 . Xa are N x N hermltlan matrices which 
are generated be the generators of SU (2) In the Ai—dimensional representation. Of course they have to respect 
both the condition 

3 

^ XaXa = , (69) 

a—1 

which Is the analogue of 1551 . and the commutation relations 




a = 


2R 

y/N^ - 1 ' 


(70) 


It is equivalent to consider the algebra on the fuzzy sphere being described by the anUhermltlan matrices 


^a = 


iaR ’ 


and satisfying the modified relations 1691 . 1701 


3 1 

^ X,=-^ Xb] = CabcXc , 


(71) 


(72) 


where Cabc = -fz^abc ■ 

JX 

Let us proceed by stating the differential calculus on the fuzzy sphere, which Is three dimensional and 
obviously SU(2) covariant. Given a function /, Its derivations along Xa are 


ea{f) = [XaJ], (73) 

and consequently the Lie derivative on the function / are 

Caf=[XaJ], (74) 

where £„ obey the Leibniz rule and the commutation relation of su( 2 ) 

[Ca,Cb]=CabcYc. (75) 
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In the framework of differential forms, 0“ are the one-forms dual to the veetor fields ea, namely 

{ea,e^)=Sl. (76) 

Therefore, the exterior derivative, d, of a function / Is given by 

df = [Xaj]e\ (77) 

as well as the action of the Lie derivative on the one-forms 6 ^ Is 

Cad’’ = Cabcd^ . (78) 

Since the Lie derivative obeys the Leibniz law, Its action on a random one-form lu = uja0°‘ gives 

CbOJ = Cb{uJa0‘^) = [Xb, 0" , (79) 

where we have applied 1741 , 1781 . Therefore, one obtains the result 

{CbUj)a = [Xb, UJa] - UJcCba ■ (80) 

After having detailed the differential geometry of the fuzzy sphere, we are able to study the differential 
geometry of X Slf, which Is the product of Minkowski space and the fuzzy sphere with — 1 fuzziness level. 
For instance, any one-form A of x Sff can be expressed In terms of and the fuzzy sphere, that Is 

A = Af,dx^ + , (81) 

where , Aa depend on both coordinates and Xa ■ 

Furthermore, Instead of functions on the fuzzy sphere, one can examine the case of spinors 1321 . Moreover, 
despite the fact that for the present analysis we only Include results about the fuzzy sphere Sjf , studying the 
differential geometry of other higher-dimensional fuzzy spaces (e.g. fuzzy CP^ I591I60I ) has been a task of 
great interest. 

4.2 Gauge theory on the fuzzy sphere 

In the previous subsection we studied how the algebra of functions is modified when Instead of the ordinary 
sphere, we consider the fuzzy one. Given that we want to study gauge theory on the fuzzy sphere, the next 
natural step Is to to examine what happens if we consider gauge fields on the fuzzy sphere. In order to do 
so. It Is prerequisite to Introduce the covariant coordinates 1611 . So, at first, we consider a field on the 

fuzzy sphere, which depends on the powers of the covariant coordinates, Xa and then we take an Infinitesimal 
transformation, S(j) of the gauge field 

5(l)iX) = \{X)cj){X), (82) 

where A(A) Is the gauge transformation parameter. If A(A) Is an antihermltlan function of Xa, the above gauge 
transformation is Infinitesimal Abehan U{1). On the other hand, if \{X) takes values In Lle((7(P)j3, namely 
the algebra of hermltian P X P matrices, then the above gauge transformation Is Infinitesimal non-Abefian, 
U{P). Also, It holds that 

SXa = 0, (83) 

which ensures Invariance of the covariant derivatives under a gauge transformation. So, In the non-commutatlve 
case, left multiplication by a coordinate Is not a covariant operation, that Is 

SiXaCj)) = XaXiX)(l} , (84) 

and generally It holds that 

Xa\{X)(j) ^ \{X)Xa(j) . (85) 

^We assume that elements of Lie(C/(P)) commute with the covariant coordinates Xa■ 
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( 86 ) 


One Is then motivated by the non-fuzzy gauge theory to Introduee the covariant coordinates (j)a , so that 

H4>a4>) = Ma(t>, 

whieh holds if 

= [A,0a]. (87) 

The experienee from the original (non-fuzzy) gauge theory also dictates that 

4>a = Xa + Aa , ( 88 ) 

with the Aa being Interpreted as the gauge potential of the non-commutatlve theory. The equlvalenee is now 
obvious: (j)a is the non-eommutatlve analogue of the covariant derivative of ordinary gauge theories. Combining 
1881 with 1871 one is led to the transformation of Aa , that is 

SAa = — [Xa, A] + [A, Aa] , (89) 

whose form eneourages the interpretation of Aa as a gauge held. Aecordlng to the above pattern of adjusting 
the content of the original gauge theory to the fuzzy one, one proceeds with defining a held strength tensor, 
Fab, as 

Fab = [Xa, Alb] - [Xb, AlJ + [Al„, Ab] - = [0a, 0f,] " C^b^c (90) 

Although the last term of the above equation seems to spoil the analogy, its imposition is necessary in order to 
preserve eovarlanee. In confirmation, it can be proved that the above field strength tensor’s transformation is 
covariant, that is 

SFab = [X, Fab] ■ (91) 

5 Ordinary fuzzy dimensional reduction 

Let us now perform an ordinary fuzzy dimensional reduction, applying the structure we sketched above. We 
begin considering a non-commutatlve gauge theory on the x {S/R)f space, with gauge group G = U{P), 
then we examine how it reduces to four dimensions and finally give Interpretations to the results. Let (S/R)f 
be a fuzzy coset, e.g. the fuzzy sphere, 5^. The action will be 

Sym = j d'^xFTrtraFMNF^^ , (92) 

where trc is the trace of the gauge group G and fcTr@ denotes the integration over {S/R)f, that is the fuzzy coset 
which is described by x A’ matrices. Fmn is the higher-dimensional field strength tensor, which consists of 
both four-dimensional spacetime and extra-dimensional components, l.e. {Ff^i,, Ff^a, Fab)- The components of 
the field strength tensor, Fmn, in the extra (non-commutatlve) directions, expressed in terms of the covariant 
coordinates (pa are 

Ffj,a 0/i0a F [Al^,0a] F^Cpa 

Fab = [Xa, Ab] — [Xb, Aa] + [Aa, Ab\ — GbaAac ■ 

Substituting the above equations in 1921 , the action takes the form 

Sym = J d^xTrtrc -f -^{D^pa)'^ , (93) 

where V{p) denotes the potential term, which is the kinetic term of Fab, that is 
V (0) = -^Trtrc ^ FabFab 

ab 

= -^Trtrc ([0a, 06][0“, 0'] - 4 ^ 600 “0'0“ + 2 R-^P^) . (94) 

^Generally, k is a parameter related to the size of the fuzzy coset space. Especially in the case of the fuzzy sphere, A: is a parameter 
which is related to the radius of the sphere and the integer 1. 
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It Is natural to interpret 1931 as an action In four dimensions. Let X(x^,X°') be the gauge parameter that 
appears In an infinitesimal gauge transformation of gauge group G. This transformation can be considered as 
a gauge transformation, so we write 

A(x'', X“) = , (95) 

where denote the hermltlan generators of the gauge group U{P), {x^, X‘^) are N x N antlhermltlan 

matrices, which means that they can be expressed as X{x^)^, where are the antlhermltlan generators 
of U{N) and X{x^)^’^, h = 1,... ,iV^, are the Kaluza-Kleln modes of X{x^, X°')^. According to this pattern, 
we assume that the fields on the right hand side of 1951 may be considered as one field that takes values In 
the tensor product Lie algebra Lie {U{N)) 0 Lie ([/(P)), which Is as a matter of fact the algebra Lie {U{NP)). 
Moreover, the gauge field Aa can be written as 

= Aiix^^, X‘^)r^ = A^T^T^ , (96) 

which is similarly interpreted as a gauge field on M'^ that is valued in the Lie {U{NP)) algebra. Similar inter¬ 
pretation can be given In the case of the scalar fields, too. It Is worth-noting that the scalars are accommodated 
in the adjoint representation of the four-dimensional gauge group, which means that they are Incapahle of 
inducing the electroweak S 5 rmmetiy breaking. This fact Is a significant motivation to proceed to non-trivlal di¬ 
mensional reduction schemes, fike the one we shall present In the following section. At last, Trtrc Is Interpreted 
as the trace of the U{NP) matrices. 

Before we proceed to the next (non-trlvlal) dimensional reduction scheme, we may state two Important 
remarks on the previous (ordinary) one. First, due to non-commutatlvlty, the space of functions Is finite- 
dimensional, which leads to the fact that the tower of modes is a finite sum, given by the trace Tr and second, 
we observe that after the above fuzzy dimensional reduction, we have resulted in a four-dimensional gauge 
theory whose group Is enhanced compared to the Initial gauge group, G of the hlgher-dlmenslonal theory. 
Thus, we deduce that the Initial gauge group G is not necessarily non-Abelian In order to result with such one 
In four-dimensions. An Abelian gauge group In the hlgher-dlmenslonal theory should be a valid choice. 


6 Fuzzy CSDR 

In the previous section we applied an ordinary dimensional reduction but the resulting four-dtmenslonal theory 
was defective. Therefore, in order to obtain a more appropriate gauge theory In four dimensions, we proceed to 
apply a non-trlvlal dimensional reduction, l.e. the fuzzy extension of the Coset Space Dimensional Reduction 
(CSDR). 

So, In this section we adjust the CSDR programme -described explicitly in first part- In the non-commutatlve 
case, where the extra dimensions are fuzzy coset spaces I32l^ . In order to achieve a reduction of the number 
of both gauge and scalar fields In the action 1931 . In general, the group S acts on the fuzzy coset (S/R)f, 
and as we have seen In the commutative case, CSDR scheme suggests that the fields of the theory must 
be invariant under an Infinitesimal group transformation of S, up to an infinitesimal gauge transformation. 
Specifically, the fuzzy coset we use Is the fuzzy sphere, {SU{2)/U{1))f, so the action of an Infinitesimal SU(2) 
transformation on the fuzzy sphere should leave the scalar and gauge fields Invariant, up to an Infinitesimal 
gauge transformation 

= 5wb = Wb(t) (97) 

CbA = 6 wtA = —DWb, (98) 

where A Is the gauge potential expressed as an one-form, see 1811 and Wb is a gauge parameter that It Is 
antlhermltlan and depends only on the coset coordinates X°‘. Therefore, we can write Wb as 

Wb = Wir\ I =l,2,...,P^ , (99) 

where are hermltlan generators of U{P) and = — Wf^, where the ^ denotes the hermltlan conjugation 

on the coordinates. 

®See also l62l . 
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Using the covariant coordinates (f)a, 1881 . and uja which Is defined as 




( 100 ) 


the CSDR constraints, 1971 . 1981 . take the following, rather simple, form 


[uJb,Af,]=0 ( 101 ) 

Cbde(t>^ = [W{,,</)d] • (102) 

As we have mentioned before, 1751 . due to Lie derivatives respect the su( 2 ) commutation relation, one ends up 
with the following consistency condition 


[Wa, Wf,] — CjjfjWc ; 


where the transformation of uJa is 

^ ^'a= 9^a9' 

In the case of spinor fields, the procedure Is quite similar 1321 . 


(103) 

(104) 


6.1 Solving the CSDR constraints for the fuzzy sphere 

Let us now study the basic example of fuzzy CSDR, In which we consider the fuzzy coset to be the fuzzy sphere, 
{S/R)f = and the gauge group to be G = (7(1). The Wa = uJa{X^) are N x N antfhermltlan matrices, 
which means that they can be regarded as elements of Lie(U{N)), but also they satisfy the commutation 
relation of Lle(5'(7(2)), as given In the consistency condition, 11031 . So, since we require the consistency 
condition, 11031 . to hold, we have to embed Lle(5'(7(2)) into Lle((7(l)). Therefore, If T^, h = 1,..., are 
the Lie(U(N)) generators, in the fundamental representation, then we can always use the convention h = 
(a, tt), a = 1, 2, 3 , M = 4, 5,..., N'^, with the generators r“ satisfying the \Ae{SU (2)) 

[r“,T'’] = GfTG (105) 

and the embedding is finally defined by identifying 


UJa=Ta. (106) 

So, the constraint IIOII suggests that the gauge group K of the four-dtmenslonal theory Is the centralizer of 
the image of SU{2) Into U{N), that Is 

K = Cu^n){SU{2)) = SU{N - 2) X C/(l) x (7(1), (107) 

where the second (7(1) In the right hand side Is the one that comes from 

U{N) ~ SU{N) X C/(l). (108) 

Therefore, as for x, the (x, X) are arbitrary functions, but on the other hand they depend on 77 In a way that 
takes values In Lie(77) Instead of Lie(U(N)). To sum up, that means that we end up with a four-dlmenslonal 
gauge potential valued In Lle(A'). 

Let us now examine the second constraint, 11021 . This one Is satisfied If we choose 

())a = r(j){x)uJa , (109) 

which means that the degrees of freedom which remain unconstrained are related to the scalar field (j){x), 
which is belongs to the trivial representation of the four-dimensional gauge group K (singlet under K). 

In the above example the need of embedding SU{2) Into U{N) was emerged by the consistency condition 
11031 . Although the embedding was realized into the fundamental representation of U{N), we could have used 
the irreducible A^-dlmenslonal representation of 5(7(2) by Identifying oJa = Xa- In this case, the constraint 
11011 leads to the fact that (7(1) is the four-dimensional gauge group, so that A^{x) Is valued In (7(1). The 
second constrained, 11021 . Implies that, in this case too, tjiix) is a scalar singlet. 
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To sum up the above procedure, one starts with a ?7(1) gauge theory on M'^ x Sjf and due to the consistency 
condition, (1031 . an embedding of SU{2) into U{N) Is requlrejll. Then, the first CSDR constraint, aou, 
produces the four-dtmenslonal gauge group and the second one, 11021. produces the four-dtmenslonal scalar 
fields that survive from the reduction. 

As far as the fermions are concerned, we are going to list briefly the results of the above procedure. According 
to the extended analysis 1321 , It proves that the suitable embedding Is 

S C S'O(dlmS'), (110) 

which Is achieved by Ta = —Cabcr*''^, which respects 11051 . Thus, r/; Is an Interwtnlng operator between the 

representations of S and 5'0(dlm5'). In accordance to the commutative case (4), m order to find the surviving 
fermions In four-dimensional theory, we have to decompose the adjoint representation of U{NP) under the 
product <S'c/( 7 vp) X K, that is 


U{NP)DSuiNP)xK, ( 111 ) 

adj U {NP) ='^{si,ki). ( 112 ) 

i 

Also, the decomposition of the splnorlal representation cr of SO{diniS) under S 

SOidimS) D S, 

a = 

e 

Therefore, in the case where the two irreducible representations Si,ae are Identical, the surviving fermions 
(four-dimensional spinors) of the four-dimensional theory belong to the ki representation of gauge group K. 

Before we move on, this Is an appropriate point to compare the ordinary hlgher-dunenslonal theory X 
(S/R), to Its fuzzy extension M'^ X {S/R)f- We begin with the similarities; fuzziness does not affect the 
Isometries - both spaces have the same, S'0(1, 3) x SO(3) and the gauge couplings defined on the two spaces 
have the same dimensionality. On the other hand there Is a very striking difference: of the two, only the non- 
commutatlve higher-dimensional theory Is renormallzabl^^. In addition, a U{1), defined on the x (S/R)f 
space. Is enough In order to end up with non-abellan structures In four dimensional. 


(113) 

(114) 


7 Orbifolds and fuzzy extra dimensions 

The need for chiral low energy theories In the framework of gauge theories with fuzzy extra dimensions has 
motivated the Introduction of the orblfold structure, similar to the one developed In 1631 . This technique is 
an alternative option to the standard one for obtaining Af = 1 four dimensional models, that is reducing the 
theory on suitable manifolds, e.g. Calabl-Yau manifolds 1641 or manifolds with 5(7(3)-structure (see I101I65I ). 
The authors of 1631 were motivated by the duality between four-dtmenslonal Af = d, U{N) SYM theory and 
Type IIB string theory on AdS^ X 1661 . so they applied orblfold techniques similar to I671I68I in order to 
break some of the four supers 5 rmmetries. Also, the starling gauge group, SU{SN), which is realized on 3W 
D3 braneJ^. breaks down to SU{N)^ with the fermions being nested Into chiral representations of the latter 
gauge group. 

So, the concept of deconstruction of dimensions 1691 . motivated the Idea to reverse the above I33H35I In order 
to furlher justify the renormallzabfflty of the theory and to attempt the building of chiral models in theories 
arising from the framework of fuzzy extra dimensions. Moreover, the reversed procedure gives hope that It is 

^Thls embedding can be achieved in several ways, more specifically in pjv ways, where pjv is the possible ways one can partition the 
N into a set of non-increasing, positive integers [39]. 

^Meaning that the number of counter-terms required to eliminate the divergencies is finite. 

^Technically, this is possible because N x N matrices can be decomposed on the U(N) generators. 

^^This is the meeting point of the two different frameworks (superstring theories and non-commutative geometry) that aim at unification, 
i.e. non-commutative gauge theory can describe effective physics on D-branes. 
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not necessary to consider the initial abelian gauge theory as higher-dimensional, but the non-abellan gauge 
theory can emerge from fluctuations of the coordinates 1701 . This consideration is realized as follows: one 
starts with a four-dimensional gauge theory, Includes an appropriate scalar spectrum and a suitable potential 
which can lead to vacua that could be Interpreted as d 5 mamlcally generated fuzzy extra dimensions and they 
also Include a finite Kaluza-Kleln tower of massive modes. 

Of course It was desired to Include fermions hr such models but the best one had achieved so far, was to 
obtain theories with mirror fermions hr blfundamental representations of the low-energy gauge group I341I35I . 
Mirror fermions do not exclude the possibility to make contact with phenomenology 1871 . nevertheless. It Is 
preferred to end up with exactly chiral fermions. 

In this section the plan that was sketched above Is realized. A dimensional reduction on an orblfold I711I72I 
Is performed In order to achieve M = \ supersymmetric chiral theories In four dimensions. Specifically, In 
this review, we are going to deal with the Z 3 orblfold projection of the A/^ = 4 Supersymmetric Yang Mills 
(SYM) theory 1731 . examining the action of the discrete group on the theory’s fields and the superpotential that 
emerges In the projected theory. 

7.1 AT = 4 SYM field theory and Z 3 orbifolds 

So, let us begin with a A/" = 4 supersymmetric SU{3N) gauge theory. The particle spectrum of the theory 
(hr the Af = I terminology) consists of an SU{3N) gauge supermultlplet, three adjoint chiral supermultlplets 
t = 1, 2, 3. The component fields of the above supermultlplets are the gauge bosons, p = 1,..., 4, 
six adjoint real (or three complex) scalars a = 1,..., 6 and four adjoint Weyl fermions ijj'P, p = 1,..., 4. 
The scalars and Weyl fermions transform under the 6 and 4 representation of the SU{A)fi i?-symmetry of the 
theory, respectively. The whole theory Is of course defined on the Minkowski spacetime. 

Then, hr order to Introduce orbifolds, the discrete group Z 3 has to be considered as a subgroup of SU (4)/{. 
The embedding of Z 3 Into 5'(7(4)/{ Is not unique, but the options are not equivalent, since the choice of 
embedding differentiates the amount of remnant supersymmetry 1631 : 

1 . Maximal embedding of Z 3 Into S'[/(4)/{ would lead to non-supersymmetrlc models, therefore this choice 
Is excluded 

2. Embedding of Z 3 In an 5(7(4)^ subgroup: 

- Embedding Into an SU{2) subgroup would lead to Af = 2 supersymmetric models with SU{2)b. 
i?-synrmetry 

- Embedding Into an 5(7(3) subgroup would lead to A/^ = 1 supersjmmetrlc models with U{l)ii R- 
symmetry. 

We shall focus on the last option which is the desired one, since It leads to A/^ = 1 supersymmetric models. 
Let us consider a generator p € Z 3 , which Is (for convenience) labeled by three Integers a = (ai, 02 , as) 1681 
which satisfy the relation 

ai-f a 2 -f 03 = 0 mod3 . (115) 

The last equation Implies the fact that Z 3 Is embedded In 5(7(3), l.e. the fact that the remnant supersymmetry 

Is AC = 1 rhi . 

It Is expected that since the various fields of the theory transform differently under 5(7(4)^, Z 3 will generally 
act non-trlvlally on them: 

• Gauge and gauglno fields are singlets under 5(7(4)/{, therefore the geometric action of the Z 3 rotation Is 
trivial. 

• The action of Z 3 on the complex scalar fields Is given by the matrix 

7(5)*! =( 116 ) 


where w = 


27V 

e 3 . 
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• The action of Z 3 on the fermions Is given by 




( 117 ) 


where bt = --(a^+i + 0^+2 - Oijii]- 

In the case under study the three Integers of the generator g are (1,1, —2), which means that = bi. 

The fact that the matter fields are not Invariant under a gauge transformation, Z 3 acts on their gauge 
Indices, too. The action of this rotation Is specified by the matrix 

/ liv 0 0 \ 

73 = 0 ujIn 0 . (118) 

\ 0 0 uj^In j 

A priori, there Is no reason why these blocks should have the same dimensionality (see e.g. I74H76I ). 
However, since the projected theory must be anomaly free, the dimension of the three blocks Is the same. 

After the orblfold projection, the derived theory must contain the fields that are invariant under the com¬ 
bined action of the discrete group, Z 3 , on the "geometric' 0 and gauge Indices 1681 . As far as the gauge bosons 
Is concerned, the projection Is 

(119) 

So, taking Into consideration II181 . the gauge group of the Initial theory breaks down to the group H = 
SU{N) X SU{N) X SU{N) In the projected theory. 

As we have already mentioned, the complex scalar fields transform non-trlvially both under the gauge and 
i?—symmetiy, so the projection Is 

( 120 ) 

where /, J are gauge Indices. Therefore, J = I + ai, which means that the scalar fields that survive the orblfold 
projection have the form (pjj+ai and their transformation under the gauge group H Is 

3 • {{N, N, 1) + (N, 1, N) + (1, N, N)) . ( 121 ) 

Similarly, fermions transform non-trlvlally under the gauge group and i?—symmetry, too. Therefore, the 
projection Is 

= ( 122 ) 

Therefore, the fermions that survive the orblfold projection have the form and they belong to the 

same representation of H as the scalars, that Is 11211 . The fact that scalars and fermions share common 
representations, demonstrates the Af = 1 remnant supersymmetry. It Is worlh noting that after the orblfold 
projection, the representations 11211 of the resulting theory are anomaly free. If we had not taken Into account 
the requirement that the three blocks of II181 had to be of the same dimensionality, the resulting theory would 
not be anomaly free. Therefore, the need of additional sectors would emerge In order to achieve cancelation of 
the anomalies. 

Let us now make a few comments about the above results as far as the fermions Is concerned. First, the 
fermions are accommodated In chiral representations of H and second, there are three fermionic generations 
since, as we have mentioned above, the particle spectrum contains three Af = 1 chiral supermultlplets. 

It Is known that the Interactions of a supersymmetric model are given by the superpotentlal. In order to 
specify the superpotentlal of the projected theory. It Is necessary to begin with the superpotentlal of the original 
A/" = 4 SYM theory f73l 

, (123) 

^^Also modulo 3 

case of ordinary reduction of a 10-dimensional J\f = 1 supersymmetric Yang-Mills theory, one obtains an A/* = 4 supersymmetric 
Yang-Mills theory in four dimensions. Tliis has a global 5C/(4)/? symmetry which is identified with the tangent space 50(6) of the extra 
dimensions [laiii. 
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where, , refer to the three chiral superfields of the theory. After the projeetion the structure of the 

superpotential does not ehange, but It enerypts only the Interaetlons among the surviving fields of the M = 1 
theory, that is 


^riproj) _ , 






M 






(124) 
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7.2 Dynamical generation of twisted fuzzy spheres 

As we have already mentioned, the superpotential of the projected M = 1 theory maintains the form of the 
Initial superpotential J\f = A, but contains only the field that passed through the orblfold filtering. From the 
superpotential that Is given in 11241 . the scalar potential can be extracted; 

= ^Tr ([<^\ ctP]) , (125) 

where, obviously, are the scalar component fields of the superfield The above potential Is minimized 
by vanishing vevs of the fields, so modifications have to be made so that solutions that can be interpreted as 
vacua of a non-commutatlve geometry to be emerged. 

So, In order to result with a minimum of the scalar potential, M = 1 soft supersymmetric terms of the 
forn{il 

VssB = ^ ^ ^ + h.c. (126) 

i 

are Introduced, where hijk = 0 unless i + j + k = OmodS. The Introduction of the above SSB terms should 
not come as a surprise, since an SSB sector Is necessary anyway for a model with realistic aspirations, see 
e.g. (ZZl. It is also necessary to Include the Z?-terms of the theory, which are given by 

Vd = ^D^ = ^D^Di, (127) 

where (j)'’, where are the generators of the representation of the corresponding chiral multlplets. 

So, after the introduction of the SSB terms 11261 In the scalar potential 11251 , as well as the Inclusion of 
Zl-terms, the total potential of the theory now is 

y = V^Z{ + VssB + Vd 

A suitable choice for and hijk parameters In 11261 is 

1 5 hijk — ^ijk • 

Therefore, the total scalar potential, 11281 . takes the form 

V +Vd, (130) 

where Is defined as 

F^^ = (131) 

It is obvious that the first term of the scalar potential, 11301 . is always positive. Therefore, the global 
minimum of the potential is obtained when 

, (132) 

where denotes the hermltlan conjugate of the complex scalar field and = 0. It Is clear that the 

above equations are related to a fuzzy sphere. This may arise by considering the untwisted fields </>*, defined by 

(j)^ = , (133) 

^^The SSB terms that will be inserted into the scalar potential, are purely scalar. Although this satisfies our purpose, it is obvious that 
other SSB terms have to be ineluded too in order to obtain the full SSB sector (77) . 


(128) 

(129) 
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where VL ^ 1 satisfying the relations 


n^ = i, [ 12 ,(/.*] = 0 , = = 12 <^*. 


(134) 


Therefore, 11321 reproduees the ordinary fuzzy sphere relations generated by </)* 

[(^*,<^^1 =^ey■fc0^ (135) 

exhibiting the reason why the non-commutatlve space generated by cj)'’ Is called a twisted fuzzy sphere, 
Remarkably, the above structure Is valid only for Z 3 , exeluding the choice of another cyehc group Z„ as the 
orblfold group. 

It Is now straightforward to find configurations of the twisted fields 0 ®, i.e. fields that satisfy the relations 
11321 . Sueh a eonfigurations is 

(/>* = 12(13® A^jv)), (136) 

where A(^j are the SU (2) generators in the A^-dunenslonal irreducible representation and 12 is the matrix given 
by 

/ 0 1 0 \ 

12 = 123®lAr, 123 = 0 0 1 , 12^ = 1. (137) 

V1 0 0; 

According to the transformation 11331 . the "off-diagonal" orblfold sectors 11211 take the following block-diagonal 
form 



( ° 


0 ^ 


/ 

\n) 

0 

0 \ 

<(>* = 

0 

0 


= n 


0 

\n) 



\ (^(Ar))(lV.l,Af) 

0 

0 y 


V 

0 

0 

^(AT) / 


So, it is understood that the untwisted fields that generate the ordinary fuzzy sphere, (()*, are expressed In a 
block-diagonal form. Each block can be regarded as an ordinary fuzzy sphere, since they separately satisfy 
the corresponding commutation relations (1351 . Therefore, the above configuration 11381 can be Interpreted 
as three fuzzy spheres (branes), embedded with relative angles 27r/3. In conclusion, the solution (/)* can be 
regarded as the twisted equivalent of three fuzzy spheres which conform with the orblfoldlng. 

Summing up, we can say that, at least for a fixed range of parameters, the global minimum of the scalar 
potential Is achieved by a twisted fuzzy sphere, So, the expression that was defined above in 11311 , 
will be interpreted as the field strength on the spontaneously generated fuzzy extra dimensions. The second 
term of the potential, Vd , settles for a change on the radius of the sphere, similar to the one In the case of the 
ordinary fuzzy sphere I331l35l[78l . 

Let us now focus on the geometric point of view of the potential’s vacuum. As we have already discussed, 
the scalar component fields of the theory, form the potential, 11281 . through F-terms, F-terms and SSB 
terms. Fixing the parameters leads to minimization of the potential by a twisted fuzzy sphere solution 


</.* = 12(13 ®(Ai^_„))0O„), 


(139) 


where 0„ Is the n x n matrix with zero entries. This non-vanlshlng vacuum, which should be regarded as 

X Sff with a twisted fuzzy sphere In (jf coordinates, leads to the breaking of the gauge symmetry, SU{N)^ 
down to SU{n)^. 

Now, the fluctuations of the scalar fields around the vacuum can be understood by considering the trans¬ 
formation 11331 . = 12^®. In the non-twisted case, fluctuations around the vacuum describe scalar and gauge 

fields on I611I70I . which gain mass from the point of view. The 11381 Informs us that the matrix O maps 
the twisted fuzzy sphere Into three ordinary fuzzy spheres as three N x N blocks are diagonally embedded Into 
the original 3N x 3N matrix. Therefore, aU fluctuations could be regarded as fields on the three untwisted 
fuzzy spheres 


— f2(A(jv) -I- A®) 


/ A(jv) +A^ 0 0 

0 w(Ai^) + A0 0 

y 0 0 w^(A(^)-I-A*) 


(140) 
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as well as specific massive off-diagonal states which cyclically connect these spheres. The field strength , 
(M], converts to 

= [^\ (^] - , (141) 

that Is the field strength on an untwisted fuzzy sphere. Thus, at Intermediate energy scales, the vacuum can 
be Interpreted as x S'j^ with three untwisted fuzzy spheres m the (jf coordinates. The three spheres are not 
mixed due to the lack of off-diagonal entries, due to the orblfold projection. As In I33H35I . because of the Higgs 
effect, gauge fields and fermions decompose to a finite Kaluza-Kleln tower of massive modes on S% resp. S%, 
as well as a massless sector. 


8 Chiral models after the fuzzy orbifold projection 

Let us now sum up the above context, then note the possible valid models that emerge from the Initial framework 
and finally focus on the most interesting one. 

For all cases the Initial theory Is common, that Is the A/^ = 4 SYM four-dunenslonal theory that Is governed by 
SU{SN) gauge symmetiy. We have already listed the field spectrum, which Is an SU (3W) gauge supermultlplet 
an three adjoint chiral supermultlplets <i>*. The superpotential that encodes the Interactions of the model is 

WV =4 = eyfcTr($*$^$'=). (142) 

Then, It follows the choice of a suitable discrete group, l.e. Z 3 , which Is embedded Into the SU(3) subgroup of 
SU{4:)fi In order to realize the orblfold projection of the theory. After the projection, the SU{3N) gauge group 
Is broken to the Af = 1 SU{N)^ theory with the scalars and fermions nested into chiral representations of the 
gauge group. Specifically, (1211 Implies that there are three families, transforming as 

{N,N,1) + {N,1,N) + {1,N,N) (143) 

under the gauge group SU{N)^. As demonstrated In 11241 . the superpotential will remain the same. Including 
only the surviving fields. Finally, the differentiation of the resulting unification groups occurs because of the 
different ways the gauge group SU {5N) Is spontaneously broken. The minimal models that are anomaly free 
are SU{4) x 5(7(2) x 5(7(2), 5 ( 7 ( 4 )^ and 5(7(3)S 


8.1 An ^(7(3), X ^(7(3)l X ^(7(3)i? model 

Let us focus on the last option of the above breaking of SU{3N), which is the trlnlficatlon group 5(7(3)c x 
5(7(3)l X 5(7(3)i{ I791I80I (see also 1581181118^ and for a string theory approach see 1851 ). At first, the Integer 
N has to be written as the following decomposition 


N = n + 3. 

Then, for SU(N) the embedding 

SU{N) D SU{n) X 5(7(3) x [/(I), 

Is considered, from which It Is found that the embedding for the full gauge group 5(7 {N)^ Is 


(144) 

(145) 


SU{Nf D SU{n) X 5(7(3) x 5(7(n) x 5(7(3) x SU{n) x 5(7(3) x U{lf . (146) 

The three (7(1) factor^^ are Ignored and the representations 11431 are decomposed according to the above 
decomposition, 11461 , (after reordering the factors) as 


SU{n) X SU{n) x SU{n) x 5(7(3) x 5(7(3) x 5(7(3), 

(n, n, 1; 1,1,1) -f (1, n, n; 1,1,1) -f (n, 1, n; 1,1,1) -f (1,1,1; 3, 3,1) 

+ (l,l,l;l,3,3) + (l,l,l;3,l,3) + (n,l,l;l,3,l) + (l,n,l;l,l,3) 

+ (1, l,n; 3,1,1) + (n, 1,1; 1,1, 3) + (1, n, 1; 3,1,1) + (1,1, n; 1, 3,1). (147) 

^^Slmllar approaches have been examined in the framework of YM matrix models mi, but they lacked phenomenological viability. 
^^These may be anomalous gaining mass by the Green-Schwarz mechanism and therefore they decouple at the low energy sector of the 
theory (zl 
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So, taking Into account the decomposition 11451 . the gauge group is broken to SU(3)^. Under the gauge group 
SU{3)^, the surviving fields transform according to 


SU{3) X SU{3) X SU{3) , (148) 

((3,3,1)+ (3,1,3)+ (1,3,3)) (149) 


representations, which correspond to the desired chiral representations of the trlnlficatlon group. Under the 
gauge group SU{3)c x SU{3)l x SU{3)r, the quarks and leptons of the first family transform as 


( d u h 
d u h 
d u h 


^(3,3,1), = 

f N 
A= E 


/ d- d- d- \ 
\ ] 
e I ~ (1,3,3), 

S ) 


(3,1,3), 


(150) 


respectively. In a similar way, the matrices for the fermions of the other two families are obtained. 

It is crucial to note that this theory can be upgraded to a two-loop finite theory (for reviews see 15811881(901 ) 
and moreover It Is able to make testable predictions 1581 . Furthermore, fuzzy orblfolds can be used In order to 
break spontaneously the unification gauge group down to MSSM and afterwards to the SU(3)c x U{l)em- 

Summing up, we should emphasize the general picture of the theoretical model. At very hlgh-scale regime, 
we have an unbroken renormallzable gauge theory. After the spontaneous symmetiy breaking, the resulting 
gauge theory Is an SU{3)^ GUT, accompanied by a finite tower of massive Kaluza-Kleln modes. Finally, the 
trlnification SU (3)^ GUT breaks down to MSSM In the low scale regime. Therefore, we conclude that fuzzy extra 
dimensions can be used In constructing chiral, renormallzable and phenomenologically viable field-theoretical 
models. 

A natural extension of the above Ideas and methods have been reported In ref 1911 (see also 1921 ). realized 
In the context of Matrix Models (MM). At a fundamental level, the MMs Introduced by Banks-Flschler-Shenker- 
Sussklnd (BFSS) and Ishlbashl-Kawal-Kltazawa-Tsuchlya (IKKT), are supposed to provide a non-perturbatlve 
definition of M-theory and type flB string theory respectively I281I93I . On the other hand, MMs are also useful 
laboratories for the study of structures which could be relevant from a low-energy point of view. Indeed, they 
generate a plethora of Interesting solutions, corresponding to strings, D-branes and their Interactions I28II94I . 
as well as to non-commutative/fuzzy spaces, such as fuzzy tori and spheres 1951 . Such backgrounds naturally 
give rise to non-abehan gauge theories. Therefore, it appears natural to pose the question whether It is possible 
to construct phenomenologically Interesting particle physics models In this framework as well. In addition, an 
orblfold MM was proposed by Aokl-lso-Suyama (AIS) In 1961 as a particular projection of the IKKT model, and It 
Is directly related to the construction described above In which fuzzy extra dimensions arise with trlnlficatlon 
gauge theory 1361 . By Z 3 - orblfoldlng, the original sjrmmetry of the IKKT matrix model with matrix size 3N x 3N 
Is generally reduced from SO{9, 1) x U(3N) to SO{3, 1) x U{N)^. This model Is chiral and has D = 4, Af = 1 
supersymmetry of Yang-MlUs t 5 q)e as well as an Inhomogeneous supersjrmmetry specific to matrix models. The 
Z 3 - Invariant fermion fields transform as bl-fundamental representations under the unbroken gauge sjrmmetry 
exactly as In the constructions described above. In the future we plan to extend further the studies Initiated In 
refs I91II92I In the context of orblfolded IKKT models. 
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